We theoretically study spherical cavities composed of hyperbolic metamaterials with indefinite permittivity tensors. Such cavities are capable of electrodynamically confining fields with deep subwavelength cavity sizes. The supported resonant modes are analogous to the whispering-gallery modes found in dielectric microcavities with much larger physical sizes. Because of the nature of electrodynamical confinement, these hyperbolic metamaterial cavities exhibit quality factors higher than predicted in the electrostatic limit. In addition, confining electromagnetic fields into the small cavities results in an extremely high photonic local density of states. DOI: 10.1103/PhysRevX.4.021015 Subject Areas: Optics, Plasmonics
Manipulating electromagnetic waves with engineered structures leads to strongly modified light-matter interactions, which in turn affect various interesting phenomena in areas such as quantum optics [1] and nonlinear light generation [2] . Strong confinement of light using photonic or plasmonic structures has found applications ranging from the enhanced efficiency of light emitters [3] [4] [5] [6] , optical modulation [7, 8] , and molecule sensing [9] to energy harvesting [10, 11] . In particular, localized surface-plasmon polaritons (LSPPs) supported by metallic nanoparticles are capable of trapping light even when the particle sizes are much smaller than the natural resonance wavelengths, giving rise to strong electromagnetic field confinement [12] [13] [14] . Such confined resonant modes are described as electrostatic resonances, in which case light is mostly stored in the form of electric energy [15] . Although one can, in principle, achieve ultrasmall mode volume by using LSPP resonators, the electrostatic nature of such resonators limits the quality factor of the resonances because induced displacement currents inside metals generate intrinsic Ohmic loss.
On the other hand, microcavities and photonic crystals confine light in an electrodynamical manner, in which case half of the stored energy is electric energy and the other is magnetic energy. Unlike LSPP resonators, these cavities have little Ohmic loss associated with the constituting materials. By using microspheres and toroids, the whispering-gallery modes (WGMs) exhibit quality factors as high as 10 9 [16, 17] . Nevertheless, the physical size of such a cavity is typically much larger than the wavelength, i.e., D ≫ λ=n, where D is the cavity size, λ is the natural resonance wavelength, and n is the optical index of the material. Large cavity size, in general, limits the achievable local field enhancement.
Indefinite media, also known as hyperbolic metamaterials (HMMs), exhibit unusual hyperbolic dispersion because of anisotropic permittivity of opposite signs along different directions [18] . Microcavities made of HMMs have been shown to support Fabry-Perot-type resonances with effective refractive indices as high as 17.4 [19] . Such hyperbolic cavities exhibit deep subwavelength confinement of electromagnetic waves due to the large effective indices. In this paper, we theoretically study the WGMs supported by spherical cavities composed of hyperbolic metamaterials. Compared to the previously demonstrated Fabry-Perot resonances that are due to effectively high optical indices, the WGMs to be studied here are caused by the indefinite nature of the permittivity tensors, as will be shown in the following. Differently from the LSPP resonances that also confine light within subwavelength regions, we show that light can be electrodynamically trapped by the WGMs of the hyperbolic spherical cavities. Such electrodynamical confinement of light leads to less electric energy stored inside the metal, and therefore less Ohmic damping and higher Q factors associated with the resonant modes.
The schematic of the spherical cavity is illustrated in Fig. 1(a) . It is constituted of alternating metal and dielectric layers, with the thickness of each pair (denoted as a functional pair in the following discussion) being d. The filling ratio f of the metallic region is defined such that the metal thickness is f · d and the dielectric thickness is ð1 − fÞ · d. Although f is an important parameter that controls various optical properties of the cavities, the underlying physics to be discussed remains similar regardless of the choice of f. For simplicity, we keep f ¼ 0.5 in the following discussion unless otherwise specified. We consider silver as the metal layers, and for its permittivity, we use the Drude model ϵ Ag ¼ ϵ ∞ − ω 2 p =½ωðω þ iω c Þ, with ϵ ∞ ¼ 3.8355, ω p ¼ 1.3937 × 10 16 rad=s, and ω c ¼ 2.9588 × 10 13 rad=s. The parameters of the Drude model are obtained by fitting the experimentally measured data from Ref. [20] at the wavelengths ranging from 750 to 1900 nm. The dielectric is assumed a permittivity of
Under the effective medium description, the permittivity tensor of the hyperbolic medium takes the form ϵ ¼rr ϵ r þθθ ϵ t þφφ ϵ t :
(1)
In the following, we consider
The hyperbolic isofrequency contour of the hyperbolic medium is shown in Fig. 1(b) as an example. In the spherical cavity,
we include an empty void at the center of the cavity to avoid an ill-defined permittivity tensor at r ¼ 0. The inner radius of the cavity is defined as R c , and the outer radius is R. By using the vector spherical harmonics, one can express the electric field according to [ 
Interestingly, when the permittivity tensor is anisotropic and indefinite, such that 1 þ ð4lðl þ 1Þϵ t Þ=ϵ r < 0, the order of the Bessel function becomes imaginary. The asymptotic behaviors of the two linearly independent Bessel functions with complex orders gðlÞ þ 1 2 ¼ iν are given by Z ð1Þ;ð2Þ iν ðxÞ ≈ cos½ν logðxÞ and sin½ν logðxÞ, which are distinctive from the Bessel functions with real orders. In the limit of subwavelength cavity size ( ffiffiffi ffi
can use the asymptotic expression to find the resonance condition
where ν ¼ −i½gðlÞþ the hyperbolic cavities support WGMs with no cutoff frequencies even with deep subwavelength cavity sizes.
In the multilayer implement of the hyperbolic medium shown in Fig. 1(a) , the achievable resonant wavelength is not arbitrarily long and depends on the number of functional pairs constituting the hyperbolic cavity. The reason for the cutoff of the resonant wavelengths is because the variation of the E field increases toward the center of the cavity, and the effective medium description eventually breaks down when the variation of the E field across one functional pair is large, i.e., j d dr E r =E r j > 1=d. By increasing the number of functional pairs, the multilayer cavity can be better described as an effective medium and therefore supports WGMs with longer resonant wavelengths. We calculate the resonant modes of the multilayer structure by using the Mie theory [21] . The relation between the maximum resonant wavelengths and the number of functional pairs is given in Fig. 2(a) , with the radius of the cavity fixed at 100 nm. The electric and magnetic fields inside each layer are expanded using vector spherical harmonics, and the scattering matrix is obtained by matching the boundary conditions at the interfaces between constituting layers. The eigenfrequencies of the resonant modes are obtained from the singularities of the scattering matrix in the complex frequency plane.
The deep subwavelength size of the cavity results in an extremely high radiative quality factor Q rad ≡ ω × U=S, where ω is the resonant frequency, U is the electromagnetic energy confined inside the cavity, and S is the Poynting flux radiating out from the cavity. Q rad scales with the particle size as Q rad ∝ R −ð2lþ1Þ in the limit of small particle sizes, where l represents the angular momentum of the electromagnetic mode. This scaling rule of Q rad can be understood as the following: If we assume that the electric field remains the same at the cavity boundaryẼðrÞ →ẼðαrÞ, as the radius increases from R to αR, then the confined energy is proportional to the cavity volume U ∝ α 3 . On the other hand, the radiated field outside of the cavity is expressed as E θ ¼θ ·Ẽ ¼ C
Hankel function and C is a prefactor. E θ asymptotically behaves as E θ ∝ Cr −l−2 when R ≪ λ. Since E θ is required to be continuous at the cavity boundary, C scales as α lþ2 C as R becomes αR. The Poynting flux S is proportional to jCj 2 . The radiative quality factor Q rad ≡ ω × U=S is therefore proportional to α −ð2lþ1Þ . From the Mie solution, we calculate the electromagnetic energy confined by the cavity as well as the radiative loss from it. Figure 2(b) shows the calculated result of Q rad versus the particle radius R for a hyperbolic cavity with five functional pairs. We find that the Q rad for the spherical cavities is higher than that from the previously reported rectangular cavities [19] .
It is commonly believed that the total quality factor of a LSPP resonator is limited by the intrinsic Ohmic loss. In the electrostatic limit, in which the resonator size is much smaller than the driving wavelength, it has been shown that the resistive quality factor is given by Q [15] . Q static depends only on the resonant frequency rather than the geometry of the resonator. As the dimension of the resonator scales up, one introduces more radiative loss and lower Q rad . As a result, the total Q given by 1=Q ¼ 1=Q ohm þ 1=Q rad is further decreased. Overall, the quality factor of a subwavelength plasmonic resonator is typically limited by the electrostatic value. In this hyperbolic spherical cavity case, however, the electromagnetic wave can still be confined in a subwavelength region, while the Q factor exceeds the value predicted in the electrostatic limit. Figure 3(a) shows the total Q as well as Q ohm as functions of particle size, taking the quadrupolar resonance (l ¼ 2) in a cavity with five functional pairs as an example. The quality factor of the resonator is calculated according to Q ¼ ω 0 =2ω 00 , where ω ¼ ω 0 − iω 00 is the eigenfrequency calculated using the Mie solution, taking into account the dispersion of the metal. The Q ohm is calculated using Q ohm ¼ ω 0 U=γ ohm , where U is the confined energy and γ ohm is the energy-dissipation rate due to the Ohmic loss. Because Q rad is orders of magnitude higher than Q ohm , the Q factor is essentially defined by Q ohm . When R → 0, Q indeed conforms to the predicted electrostatic value Q static ≈ 54. As the radius of the cavity increases to 600 nm, which is still subwavelength compared to the resonant wavelength of 2.6 μm, both Q and Q ohm exceed the electrostatic limit by a factor of 2.
Here, we explain that the increased Q factor compared to the electrostatic limit is due to the electrodynamical confinement of the fields. In Fig. 3(b) , we decompose the confined electromagnetic energy into three parts: the electric energy in metal U ðmÞ E , the electric energy in dielectric U ðdÞ E , and the total magnetic energy U H . In the limit of a small cavity size, all of the energy is stored in the   FIG. 2. (a) The maximum resonant wavelength that can be supported by a hyperbolic spherical cavity with an increasing number of functional pairs. The radius of the cavity is fixed to be 100 nm. l represents the angular momentum of the electromagnetic mode. (b) Q rad versus the cavity radius with a different angular momentum l of the electromagnetic resonance. The cavity has five functional pairs.
form of electric energy. In addition, the electric energy inside the dielectric region is less than that in the metallic region, which is consistent with the electrostatic prediction [15] . As the particle size increases, the energy stored in the magnetic field increases significantly, representing the electrodynamical behavior of the confined fields. Moreover, the electric energy stored in the dielectric part, which does not contribute to Ohmic loss, can actually become more than that in the metal. The increased portion of both U H and U ðdÞ E results in a higher Q factor of the resonant modes, as these components are not associated with resistive damping inside metal.
For the enhanced total Q to be observed, it is important that Q rad remain larger than Q ohm when the particle size increases and the resonance becomes electrodynamic. Otherwise, the radiative damping will dominate the dissipation process, resulting in a smaller Q factor, as is typically found in LSPP resonators. Figure 3(c) shows an example of the quadrupolar resonance from a simple spherical nanoparticle made of silver. First of all, we see that Q ohm only increases by 50% as the radius increases to 400 nm. More importantly, the radiative damping dominates over the resistive damping when the particle size increases, as can be seen from the rapidly decreasing Q rad in Fig. 3(c) . As a result, the total Q factor decreases monotonically with increasing particle size. We should note here that the large Q factor of the nanoparticle (Q ≈ 200) in the electrostatic limit is due to the underestimated Ohmic loss in the Drude-model permittivity we use for silver. The fitting parameters in the Drude model are appropriate in the near-infrared to midinfrared frequency range, but not for the visible frequency range.
We find that the maximum enhancement of the Q factor strongly depends on the filling ratio of the metal f. Smaller f results in a higher Q factor, which is intuitive because a smaller metallic region will generate less Ohmic dissipation. Figure 3(d) shows Q=Q static from the dipolar resonances as a function of R=λ res for various filling ratios, with λ res being the resonant wavelength. As f decreases from 0.8 to 0.2, the maximum Q=Q static increases from 1.5 to 3.5. Increasing the number of layers also enhances the maximum Q=Q static , but not as significantly as changing f.
As a result of confining electromagnetic waves inside a small hyperbolic cavity with WGMs, the photonic local density of states (LDOS) can be greatly enhanced. The enhancement of the LDOS inside a cavity (LDOS c ) compared to that in a homogeneous medium (LDOS 0 ) is defined as the Purcell factor f P ≡ LDOS c =LDOS 0 . The Purcell factor is often expressed in terms of the Q factor and the mode volume V mode , according to f P ¼ 3 4π 2 ðλ=nÞ 3 ðQ=V mode Þ, where λ is the resonant wavelength and n is the local optical index. However, it has been pointed out that the definition of f P using Q and V mode is not appropriate for subwavelength plasmonic resonators [23] , mainly because V mode is not well defined, and also multiple resonances could possibly overlap. Here, we use the dyadic Green's function to calculate LDOS c directly [24] and then compare to LDOS 0 ¼ n 3 ω 2 =π 2 c 3 in the homogeneous medium to obtain f P . A spherical wave expression for the dyadic Green's function inside a homogeneous medium can be found, for example, in Ref. [22] . The Green's function with the source inside the hyperbolic cavity is obtained by including the scattered fields from the interfaces of the multilayer structure [22] . Figure 4 (a) shows f P as a function of position calculated from a cavity with a 100-nm radius and five functional pairs. A f P of more than 10 5 can be obtained inside the dielectric region of the hyperbolic cavity. The strongly enhanced f P is mainly due to the large λ res -to-radius ratio. In Fig. 4(b) , we compare the WGMs of different angular momenta inside cavities made of increasing numbers of functional pairs. The dipolar resonance has the largest f P because its resonant wavelength is the longest. Also, f P becomes larger as the number of functional pairs increases. Finally, we find that f P is roughly proportional to R −3 in the limit of small cavity sizes, as is shown in Fig. 4(c) .
In the case of translationally invariant HMMs, it has been suggested that the divergence of the LDOS can occur because of the infinite number of propagating modes associated with the open hyperbolic isofrequency contour [25] . In a realistic implementation of HMMs using metal and dielectric composites, such a divergence is prevented by several factors [26] : (1) The finite period d of the metamaterial introduces a cutoff in the achievable wave vector and therefore limits the LDOS by ðλ=dÞ 3 [27] . (2) The spatial dispersion of the metal permittivity regularizes the divergence even in the limit of small d [28] . (3) The finite size a of an emitting dipole placed in a homogeneous HMM limits the LDOS by ðλ=aÞ 3 [29] . In contrast with the bulk HMMs that have an infinite number of propagating modes with arbitrarily large wave vectors, the LDOS enhancement in the HMM cavities studied here mostly comes from individual WGMs at the resonant frequencies. The LDOS enhancement for the HMM cavities is therefore not limited by ðλ=aÞ 3 or ðλ=dÞ 3 but instead by the cavity size and the Ohmic damping rate.
Although the proposed hyperbolic cavities composed of multiple metal-dielectric bilayers seem complicated, the fabrication can potentially be achieved using chemical synthesis approaches [30] . It is to be expected that larger Ohmic damping can occur in association with the quality of the synthesized metal, and the damping rate ω c that we use in the Drude model needs to be increased accordingly. The increased damping rate will result in a lower Q factor than what we predict in Fig. 3(a) . However, the enhancement over the electrostatic Q factor shown in Fig. 3(d) remains the same. In addition to spherical cavities, one may also consider a disk consisting of multiple metal-dielectric rings. Such a hyperbolic disk resonator also supports WGMs in analogy to to the microring resonators but with a much smaller cavity size. The indefinite disk cavity can be coupled to gain media, such as dye molecules, quantum dots, and quantum wells, in order to achieve plasmonic nanolasers in near-infrared and midinfrared frequency ranges. Also, the 2D geometry of the disk resonator makes it easier to be coupled with on-chip waveguides, while the strong near-field enhancement and enhanced Q factor can be useful for applications such as surface-enhanced absorption spectroscopy.
In summary, we show that the hyperbolic cavities composed of alternating metal and dielectric layers can support WGMs. Unlike the dielectric microcavities, the hyperbolic cavities have no lower bound on the geometry dimension and can be made very small while still supporting the WGMs. By confining light in a deep subwavelength region in this type of cavity, the LDOS can be dramatically increased. In addition, we demonstrate that the subwavelength hyperbolic cavities can confine fields in an electrodynamical way, which reduces the Ohmic dissipation and leads to higher-quality factors compared to electrostatic resonances. We should note that there is still a tradeoff between high LDOS and small Ohmic loss. For the hyperbolic cavity studied here, small cavity size benefits the high LDOS since the LDOS is inversely proportional to the cavity size. However, the effect of electrodynamical light confinement is demonstrated when the cavity size is slightly increased. It should be possible to design even smaller cavities with more efficient electrodynamical light confinement. The advantages of reduced Ohmic loss and strong light-matter interaction induced by the extremely high LDOS are advantageous in the applications of nanolasers, quantum optics, nonlinear optics, and so on. Fig. 2(a) , while the resonant wavelengths in (c) are shown in the inset.
